Quantum fluctuations of Cosmological Perturbations in Generalized Gravity 
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Recently, we presented a unified way of analysing classical cosmological perturbation in generalized 
gravity theories. In this paper, we derive the perturbation spectrums generated from quantum 
fluctuations again in unified forms. We consider a situation where an accelerated expansion phase 
of the early universe is realized in a particular generic phase of the generalized gravity. We take the 
perturbative semiclassical approximation which treats the perturbed parts of the metric and matter 
fields as quantum mechanical operators. Our generic results include the conventional power-law and 
exponential inflations in Einstein's gravity as special cases. 
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The highly isotropic cosmic microwave background ra- 
diation permits a linear paradigm of treating the struc- 
ture formation process in the evolving universe. It is 
widely accepted that the currently observable large scale 
structures are developed from remnants of the quantum 
fluctuations imprinted during early accelerated expan- 
sion stage. In the context of Einstein's gravity both the 
quantum generation and classical evolution processes can 
be rigorously handled; studies in can be compared 
with the previous order of magnitude analyses ||, or 
analyses in differnt gauges For a scalar field, self con- 
sistent and rigorous analyses are possible mainly due to a 
special role of particular gauge condition (or equivalently, 
gauge invariant combination) which suits the problem: 
the uniform-curvature gauge. 

Variety of theoretical reasons allude possible general- 
ization of the gravity sector due to quantum correction 
in the high energy limit, and thus in the early universe 
|||. There were many studies on the classical evolution 
of structures in some favored generalized gravity theories 
However, again, in the classes of generalized gravity 
involving the scalar field and scalar curvature, we found 
that the uniform-curvature gauge suits the problem al- 
lowing simple and unified treatment possible Q . For the 
growing mode, the large scale solution known in the min- 
imally coupled scalar field remains valid even in a wide 
class of generalized gravity. In this paper we investigate 
the quantum generation process in the context of general- 
ized gravity. The properly chosen gauge condition again 
allows us to present the generated power spectrum in 
generic forms which are applicable to various generalized 
gravity theories and underlying background evolutions. 
We consider the gravity theories with an action 



S 



±/(0,fl)-± w 



(1) 



where is a scalar field and R is a scalar curvature; / 
is a general algebraic function of <f> and R, and V and u) 
are general functions of </>. It includes diverse classes of 
generalized gravity theories as subsets, P,|0|. 



i.Cq 



As a metric describing the universe we consider a spa- 
tially homogeneous, isotropic and flat background, and 
general perturbations of a scalar type 



ds 2 = - (1 + 2a) dt 2 - x.adtdx" 
+ a 2 5 af3 (l + 2tp)dx a dx , 



(2) 



where a(t) is a cosmic scale factor; a(x, t), x(x, t), an d 
c/?(x, t) are perturbed order quantities. For the scalar field 
we let 



(x,i) = +<J0(x,f), 



(3) 



where the background quantities are indicated by over- 
bars which will be neglected unless necessary. We have 
not chosen the temporal gauge condition which can be 
used as an advantage in handling problems; all perturbed 
order variables are spatially gauge invariant, see Sec. IV 
C of P] . We introduce a gauge invariant combination 



H 



H 



(4) 



where H = a/ a. 8(j) v is a gauge invariant variable which 
is the same as 5<f> in the uniform-curvature gauge which 
chooses f — as the gauge condition; Eq. (Q) shows that 
ip = implies that spatial curvature vanishes (uniform 
in general), thus justifying the name. 

Ignoring the surface terms, the action valid to the sec- 
ond order in the perturbation variables is derived in 
as 



SS = ^ I a 3 Z{ 5<j> 2 



1 H 



S<pi \dtd 3 x. (5) 



The non-Einstein nature of the theory is present in a 
parameter Z which is defined as 



1 



Z(t) 



3F2 

2(f> 2 F 



1 



F 
2HF 



(6) 



where F = df /(dR). Z becomes unity in Einstein's grav- 
ity where F = 1 = lu. Equation (@) leads to an equation 
of motion 

,1 , ^ Z )\l 



a 3 Z 
{ 1 _ 



1 H 

^zJ 



a 3 Z 



H 



S(j> v = 0. (7) 



In the large scale limit, ignoring the Laplacian term, we 
have a general integral form solution 



M x >*) = - jj 



C(x) - D(x) / 
Jo 



1 



j 3 Z 



(8) 



where C(x) and -D(x) are coefficients of the growing and 
the decaying modes, respectively. Notice that the grow- 
ing mode is not affected by the non-Einstein nature of 
the theory. The growing mode of tps<f> is conserved as 
C(x), whereas the decaying mode is higher order in the 
large scale expansion; see Sec. VI A of Thus, C(x), 
which encodes the spatial structure, can be interpreted 
as (pscf, in the large scale limit. The solution in Eq. (j^) 
is valid considering general V (</>), w(</>), and f((f>,R) in 
various subsets of generalized gravity theories described 
in |0. 
Introducing 



Eq. 



u(x,t) 
can be written as 



H ad> i — 

:— o<p<p, z(t) = —vZ, 



H 



v = 0, 



(9) 



(10) 



where a prime denotes a derivative with respect to the 
conformal time 77, drj = dt/a. In the small scale limit 
(z" I z <g; k 2 ) we have 



(M 



1 



aV2fc 



Cl (k)e lfc "+c 2 (k)e- 



In an approach called a perturbative semiclassical ap- 
proximation, jnj, we regard the perturbed part of the 
field and metric as quantum mechanical operators, mean- 
while the background parts are considered as classical. 
Instead of the classical decomposition we replace the 
perturbed order variables with the quantum (Heisenberg 
representation) operators as 



c,t) = 4>{t) + 5<p(x,t), ¥?(x,i) — * <£(x,t), etc. 



(12) 



An overhat indicates the quantum operator. The back- 
ground order quantities are considered as classical vari- 
ables. This approach has a different spirit compared with 
the quantum field theory in curved spacetime, where in 
the latter case the metric sector is regarded as classical 
and given (sometimes considering some prescribed back- 
reaction) §,||. Our approach considers the field and the 
metric in equal footing |ll| . Since we are considering a 
flat three-space background we may expand 5d)(x, t) in 
the following mode expansion 



50 V (X, t) 



d 3 k 

(2tt) 3 / 2 



ak%,k(i)e lk ' X 



(13) 



The annihilation and creation operators &k and satisfy 
the standard commutation relations: 

[ak,flk']=0, [a£, 4'] = °j [ak,4'] =^ 3 (k-k'). 

(14) 

o"4><pk{t) is a mode function, a complex solution of the 
classical mode evolution equation. Equation (^), with 
8d) v replacing 8d>m, leads to an equation for the mode 
function Sd)^ which satisfies the same form as Eq. (^). 

From the action for 5<fi v in Eq. (||) we can derive the 
conjugate momenta and the commutation relation. Us- 
ing S = J Cdtd 3 x we have 5ir v (x,t) = d£/(d6<j> v ) — 
a 3 ZSd> v (x,t). Thus, the equal-time commutation rela- 
tion [6</)u> ( x , t) , Stt^ (x' , t)] = iS 3 (x — x') leads to 

[<5<^(x, t), 4„(x', t)] = ^<5 3 (x - x'). (15) 

In order for Eq. ( |l4|) to be in accord with Eq. (|lE|), 
the mode function <5</> v k(i) should follow the Wronskian 
condition 



d(p v kd<p k - d(/> kd^k = -o^r- 

Assuming 

z"/z — n/rj 2 , n — constant, 
Eq. (|7|) becomes a Bessel equation with a solution 



(16) 
(17) 



2a 



ci 



(k)frW(fch|) 



02(k)H( 2 )(fc|7;|) 1/= Wn+f (18) 



1 



1 



The coefficients ci(k) and Ca(k) are arbitrary functions 
of k which are normalized according to Eq. ( |lq ) as 



Mk) 



|ci(k) 



1. 



(19) 



Imposition of the quantization condition in Eq. (|16|) does 
not completely fix the coefficient. The remaining free- 
dom is related to the choice of the vacuum state. The 



2 



adiabatic vacuum (in de Sitter space it is often called 
as Bunch-Davies vacuum, 13 1) chooses C2(k) = 1 and 
ci(k) = which corresponds to the positive frequency 
solution in the Minkowski space limit. 
The power spectrum becomes 



z" _ n _ 1 1 / 
z rj 2 rj 2 (1 + ei) 2 V 



V 2 (1 + ci) 

x ( 2 + e 2 - e 3 + £4 



1 - ei + e 2 - £ 3 + «4 



(27) 



For e, = we have a oc t l ' ei 



(thus, 



2tt 2 
2tt 2 



,(x + r, t)8(f) v {yL, t)) 



~ t]ir d 3 r 



and -E oc a 2e4 . For a oc t q with q = n , 2 , , we have 



(20) 



where we used ak|vac) = for every k. Assuming the 
adiabatic vacuum, the two-point function becomes 



G(x',x") = {54> v (x')S$ v (x")) vac = 

mf3 3 „ , A77 2 - L 

XF - + v, - - v\ 2: H ' 

\2 '2 ' ' 47/77" 



(| - i/ 2 ) sec (tT*/) 
167ra' ' a"r\'r\" 



3(l+w) ' 

ei = — l/<z and a oc ^ 2 /( 1+3w ). In the limit of Einstein's 
gravity, thus Z = 1, the solutions in Eqs. (p^-p^) reduce 
to the ones derived in §111 of [Q , jl3],[l4| . For a power-law 
expansion stage supported by the scalar field in Einstein's 
gravity, we have £3 = = £4 and <j>/ H — constant. Thus, 
ei = e 2 = -l/q and Eqs. (f|,|3) lead to 



3q-l 3(w-l) 



1 



2(q-l) 2(3w+l) 



(28) 



Vz^z" 



(21) 



which is valid for v < |; x = (x, t), Ar/ 2 = (77' — rj") 2 and 
Ax 2 e(x'-x") 2 . 

In the small scale limit, thus kr\ ^> 1, (|l8| ) becomes 



6</><pk(ri) 



ci(k)e 



+ c 2 (k)e 



w < — i corresponds to g > 1. The exponential expan- 
sion stage corresponds to w — > —1, thus f — > |; in this 
case we have 77 = —l/(aH) where H becomes a constant. 

Now, we derive some observationally relevant classical 
power spectrums generated from quantum fluctuations 
as the initial seeds. Ignoring the transient mode, from 
Eq. (||) we have 



-ikr]+i{v+^)l 



sfz' 



(22) 



^ /2(M) = j^ (M) ' 



(29) 



In the large-scale limit we have 
and the power spectrum becomes 



where the classical power spectrum of a fluctuating field 
f(x.,t) is defined as 



c 2 (k) - ci(k)] J=, V f {k,t)=^ |(/(x + r,t)/(x,i)) x e- lk - r ^ 



Z 
(23) 



1 
Z 

(24) 



(30) 



We have in mind a generic scenario where the classical 
structures arise from the quantum fluctuations pushed 
outside horizon and classicalized during accelerated ex- 
pansion stage. As an ansatz we identify 



V s ^{k,t) = Q(k,t) x V s ^{k,t) 



(31) 



In Eqs. {JlS - 24 ) no additional dependence on k arises 
from the generalized nature of the theory. 



Let us see the implication of the condition in Eq. (17) 
Introduce the following notations 



H 



1 F 



6l - H 2> 62 - H p e3 -2HF , 



_ 1 E 
ei =2HE' 



For ei = 0, we have 



E = F\ u 



1 1 



3F 2 
20 2 F 



n 



(25) 



(26) 



where Vs<t, and V ^ are based on the classical volume 
average and the quantum vacuum expectation value, re- 
spectively, Eqs. ( p^0|j20| ). Q(k,t) is a factor which may 
take into account of the possible modification of the spec- 
trum due to the classicalization process of the quantum 
field fluctuations. We may call it a "classicalization fac- 
tor". Ordinarily it is taken to be unity, however, the 
decoherence, noise and nonlinear field effects may affect 
its value, particularly its amplitude, Jl5| . Assuming Eq. 
(|l7| ) we have derived the quantum fluctuations in the 
large scale limit in Eq. (pi}). Thus, combining Eqs. 
(EmEL&I we have 



,1/2 



aH 1 + £1 ' 

and for 6j = we have [for general ej's, see Eq. (88) of 



1^1 * 3/2 a\v\ \ 2 



c 2 (k)- Cl (k) 



3/2-v 



lQ{k) 



(32) 



LS,GGT 



3 



where quantities in the right hand side should be evalu- 
ated when the scale we are considering was in the large 
scale limit (LS) during an expansion stage supported by 
a generalized gravity theory (GGT). In the Einstein grav- 
ity limit (Z — 1) and an exponential expansion (EXP) 
stage [v = | and 77 = — l/(aH)] Eq. ( |32| ) reduces to the 
well known result 



7>c /2 (M) 



C 2 (k)- Cl (k) y/Q(k) 



(33) 



LS,EXP 



We note that in general the power spectrum depends on 
the choice of a vacuum state and possibly on the classi- 
calization factor Q(k). 

Now, in Eq. (B2h we have the "quantum fluctuation 
generated power spectrum" imprinted in a conserved 
quantity C(x). From the power spectrum of C(x) we 
can derive the spectrums of observable quantities in the 
present universe, e.g., density fluctuations, velocity fluc- 
tuations, potential fluctuations, and temperature fluctu- 
ations in the cosmic microwave background radiation in 
the matter dominated era in Einstein's gravity; these are 



5q 
Q 

<5$ 



2 / k 
5 I off 



C, Sv = -'- 



k 

5 \aH 



5°' T~5°- 



Notice that we are considering a linear theory. In the 
linear theory, all perturbed order quantities are linearly 
related with each other which is true even between vari- 
ables in different gauges. C(x) is a temporally constant, 
but spatially varying, coefficient of the growing mode. 
The spatial curvature (or potential) fluctuation in the 
uniform-field gauge (which coincides with the comoving 
gauge [CG] in a minimally coupled scalar field, see Sec. 
IV C of Q) is conserved as C(x); i.e., <p5^(x, t) = C(x) = 
<Pcg( x , t). C(x) encodes the spatial structure of the fluc- 
tuations and is conserved during the linear evolution in 
the large scale limit. Indeed, this linearity is one basic 
underlying reason why we were successful in tracing the 
structure evolution in a simple and unified way. How- 
ever, apparently, there arises no structure formation in 
the linear theory [structures are preserved in C(x)], and 
one should not miss that the gravity theories are highly 
nonlinear. 

In this paper we have not used the conformal transfor- 
mation which relates the generalized gravity in Eq. (|I|) to 
Einstein's gravity in classical level, (l0| . Quantum fluctu- 
ations are derived in the original frame of the generalized 
gravity. Still, the underlying conformal symmetry with 
Einstein's gravity can be regarded as an important factor 
which allows the unified and simple analyses possible in 
the classical level, [ ^0[ . 

We have implictly assumed the existence of an acce- 
laration stage supported by the generalized gravity with 



the condition in Eq. ([17|). Constructing specific models 
with applications will be considered elsewhere. 
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